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Usage of quasi-brittle materials
In civil engineering: Construction of structures

Energy

Buildings

Transportation

Why study quasi-brittle materials?
> Guarantee the integrity ofstructures during their life cycle> Optimize our material usage

• Cement ≈ 8% of CO2 emissions(Lehne & Preston, 2018)

We need to
> understand how quasi-brittlematerials degrade,
> model how the degradation impacton their behavior.

Illustrations from Wikimedia 1 / 41
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Macroscopic observation of the degradation
(Terrien, 1980)
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Û Observations
> Linear elastic phase
> Softening phase
> Linear unloading
> Permanent strain

Á Assumption
> Neglecting permanent strain
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Source of the mechanical degradation
(Mac et al., 2021)

What happens ?
Mechanical loading

Micro-cracks
Degradation ofmechanical properties

X-ray microtomography on concrete degraded due toshrinkage (sample diagonal 30 mm)
3 / 41
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Another macroscopic observation: Damage-induced anistropy
(Berthaud, 1991)
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How to model the degradation?

Fracture Mechanics
Linear Elastic FM (Griffith, 1921; Irwin, 1957)Non-Linear FM (Rice, 1968)Variational Approach (Francfort & Marigo, 1998)

y

xa a

σ∞

σ∞

Ẽ(D)E0
Continuum Damage Mechanics
Damage in creep (Kachanov, 1958; Rabotnov, 1969)Effective stress (Lemaitre, 1971)Non-local damage (Pijaudier-Cabot & Bažant, 1987)

Discrete Models
Particle-based (DEM) (Cundall & Strack, 1979)Lattice-based (Hrennikoff, 1941)Hybrid (D’Addetta et al., 2002)
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Formulation of a damage model
Damage model

V = {ε,D, ...} (State variables)
σ= Ẽ(D) : ε (State model)
Ḋ = ... (Evolution law)

where
> D damage variable
> Ẽ effective elasticity tensor

Constraints
> Ẽ(D) is positive definite
> Positive dissipation

Micro-cracking
E0

ε

E0

Homogenized
E0

ε,D ↗

Ẽ(D)

Reference books: (Lemaitre, 1992; Krajcinovic, 1996; Lemaitre & Desmorat, 2005; Murakami, 2012) 6 / 41
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Remarks on Continuum Damage Mechanics for concrete
Phenomenological models
> Isotropic

• (Mazars, 1984)
• (Lubliner et al., 1989)
• (Grassl & Jirásek, 2006)
• (Richard et al., 2010)> Anisotropic
• (Murakami & Ohno, 1978)
• (Halm & Dragon, 1996, 1998)
• (Voyiadjis et al., 2008, 2022)
• (Desmorat et al., 2007; Desmorat,2016)

. Coupling Ẽ(D) between elasticityand damage is often simplified

Micro-mechanics
> Homogenization of micro-crackedmedia

• (Vakulenko & Kachanov, 1971)
• (Kachanov, 1992)
• (Ponte Castañeda & Willis, 1995)
• (Cormery & Welemane, 2010)
• (Dormieux & Kondo, 2016)
• (Desmorat & Desmorat, 2016)

Limitations
Interactions between micro-cracks

7 / 41
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Objectives
◎ Thesis objective
Formulate an anisotropic damage model for quasi-brittle materials

/ Main focus
> Anisotropic damage> Elasticity-damage coupling

• Even at high level ofdamage
/ Secondary focus
> Damage evolution ?

Á Assumptions
> Initial isotropy
> 2D case> Micro-cracks closure neglected

• No permanent strains
• No stiffness recovery in compression

8 / 41
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Virtual testing for study of concrete
Principle
Perform numerical experiment on a macro-element of the material using anaccurate meso-scale model

(Wriggers & Moftah, 2006)FEM simulations ofconcrete with explicitaggregates

(Rinaldi & Lai, 2007)(Rinaldi, 2013)Disordered latticesimulations ofheterogeneousquasi-brittle materials

� Advantages
> Efficient (simpler, faster)
> Versatile (different load cases)
> Access to full mechanical fields
> Reproducible

F Limitations
> Only as accurate as the model
> Unreal environment conditions

9 / 41
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Methodology

1. Virtual testing
Use of an accurate material model to
perform numerical experiments and
constitute the reference dataset

Degraded specimen
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2. State model
Determination of the coupling Ẽ(D)

between elasticity and damage from
numerical experiments results

3. Evolution law
Analysis and determination of damage
evolution Ḋ during a mechanical
loading 0 1 2 3
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1. Virtual testing
- ObjectiveGenerate a dataset of effective elasticity tensors evolution by virtualtesting
Á Outline

> Describe the meso-scale (beam-particle) model
> Measure the evolution of an effective elasticity tensor
> Presentation of the generated reference dataset

11 / 41



Quasi-brittlematerials
Observations
Modellingdegradation
Methodology
Virtual testing
Beam-particle model
Measurement
Reference dataset
State model
Damage variable
Shear modulus
Harmonic part
Application
Evolution law?
Presentation
Limitations
Conclusion

Beam-particle model (Vassaux et al., 2016)
On the basis of Herrmann and Roux (1990), Delaplace et al. (1996), D’Addettaet al. (2002), and Delaplace (2008)

Components
> Rigid particles

• random positions

> Euler-Bernoulli beams> Brittle beam failure
• random thresholds

> Contact and friction (disabled)

Features
> Heterogeneous
> Explicit cracking
> Accurate failure (Oliver-Leblond, 2019)

] Description in pp. 46–51 ù Implementation: in-house code DEAP 12 / 41
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Beam-particle model
Bitension loading - Periodic Boundary Conditions
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Procedure to measure effective elasticity tensors
t

Damaging
loading

Measurement
loads

Ẽ [GPa]



33.5 5.62 −0.39
5.62 36.0 0.34
−0.39 0.34 28.0







49.8 10.2 −0.01
10.2 49.8 0.01
−0.01 0.01 38.4







3.82 −1.27 0.14
−1.27 3.30 0.82
0.14 0.82 6.84




] Details on the measurement procedure in pp. 67–68 and 74 14 / 41
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Application of the measurement procedure
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a] Ẽ1111
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Ẽ1212

15 / 41



Quasi-brittlematerials
Observations
Modellingdegradation
Methodology
Virtual testing
Beam-particle model
Measurement
Reference dataset
State model
Damage variable
Shear modulus
Harmonic part
Application
Evolution law?
Presentation
Limitations
Conclusion

Generation of the reference dataset
Constitution
Repeat the procedure for> 36 meso-structures,

• random particle position,
• random failure thresholds,> 21 loadings,
• 100 load steps,

for a total of ≈ 76 000 tensors.
Dataset on Recherche Data Gouv
https://doi.org/10.57745/LYHM4W

] Limitations (positive definiteness, decrease of the effective elastic properties) detailed in Ch. 4, Sec. 3 16 / 41
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Conclusion on virtual testing
- Objective reminder
Generate a dataset of effective elasticity tensor evolution by virtual testing

1. Beam-particle model 2. Measurement
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Ẽ2222 Ẽ1212

3. Reference dataset
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2. State model
- ObjectiveModel the coupling between elasticity and anisotropic damage
Á Outline

1. Quantify micro-cracking by defining a damage variable D

2. Model the impact of (anisotropic) damage on the effective elasticity
3. Assess the proposed model

18 / 41
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Anisotropy: Distance to a symmetry class in 2D
(Vianello, 1997; Antonelli et al., 2022)
Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Σ̄ ∆Σ̄(E)︸ ︷︷ ︸
∈[0,1]

= min
E∗∈Σ̄

∥E−E∗∥
∥E∥

Illustration with the bitension loading




0.93 −0.38 −0.50
−0.38 1.47 0.36
−0.50 0.36 3.66




E [GPa]
Isotropy ∆Iso = 0.427

EIso =



1.68 −0.91 0.00
−0.91 1.68 0.00
0.00 0.00 2.59




Orthotropy ∆Ort = 0.013

EOrt =



0.92 −0.38 −0.48
−0.38 1.38 0.39
−0.48 0.39 3.66



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Anisotropy of the effective elasticity tensors
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Harmonic decomposition in 2D
Applications to elasticity tensor: 3D Backus (1970), 2D Blinowski et al. (1996)

Elasticity tensor E in Ela(R2)

Harmonic components (µ,κ,d′,H)in H0(R2)⊕H0(R2)⊕H2(R2)⊕H4(R2)

BijectionE = Iso+Dil+H

Iso = 2µJ+κ1⊗1

Dil = 1
2

(
d′⊗1+1⊗d′)

µ= 1
8 (2trv− trd)

κ= 1
4 trd

d′ = d− 1
2 trd 1

H = E− Iso−Dil

d = tr12 E
v = tr13 E

Hn (R2): space of nth-order harmonic tensors (totally symmetric and traceless). 21 / 41
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Principle of the model and definition of damage
(Oliver-Leblond et al., 2021)Knowing isotropic E0 ↔ (µ0,κ0,0,0) and D, we want to model

Ẽ(D) = 2µ̃(D)J+ κ̃(D)1⊗1+ 1

2

(
d̃′(D)⊗1+1⊗ d̃′(D)

)+ H̃(D)

How to define damage? Using the harmonic decomposition
µ(E) = 1

8
(2trv− trd) d′(E) = d− 1

2
trd 1

κ(E) = 1

4
trd H(E) = E− Iso−Dil

Damage variable
D = (d0 −d) ·d−1

0︸ ︷︷ ︸normalize d

d0=2κ01

= 1− 1

2κ0
d ⇐⇒ d = 2κ0(1−D)

22 / 41
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Bulk modulus and dilatation tensor as functions of damage

D = 1− 1

2κ0
d ⇐⇒ d = 2κ0(1−D)

Expression of κ̃(D)

D d κ

D def 1
4 tr•

⇓

κ̃(D) = κ0

(
1− 1

2
trD

)

Expression of d̃′(D)

D d d′
D def Dev •′

⇓

d̃′(D) =−2κ0D′
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Summary of the partial state model
Knowing isotropic E0 ↔ (µ0,κ0,0,0) and D,

Ẽ(D) = 2µ̃(D)J+ κ̃(D)1⊗1+ 1

2

(
d̃′(D)⊗1+1⊗ d̃′(D)

)+ H̃(D)

where decomposition E 7→ (µ,κ,d′,H) and damage definition d 7→ D give
µ(E) = 1

8
(2 trv− trd) d̃′(D) =−2κ0D′

κ̃(D) = κ0

(
1− 1

2
trD

)
H(E) = E− Iso−Dil

Questions How to model ○ shear modulus µ̃(D)? ○ harmonic part H̃(D)?
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Modelling µ= 1
8 (2trv− trd)

D
d

?
trd

trv
µ

Dv such that trv = trv0(1−Dv)

Assumptions
µ̃(D = 0) =µ0 (Initial)
µ̃(D = 1) = 0 (Full damage)
trd = trv (Early∗, D ≈ 0)

We model Dv as linear combination ofdamage invariants
In(D) = tr(Dn) = Dn

1 +Dn
2

with 2 invariants: Dm
v = c1I1(D)+ c2I2(D) =⇒ c1 =

κ0

2µ0 +κ0
, c2 =

1

2
− c1.

∗ Early damage =⇒ Non-interacting cracks =⇒ Tot. sym. stiffness loss (Kachanov, 1992)
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Summary of the (still) partial state model
Knowing isotropic E0 ↔ (µ0,κ0,0,0) and D,

Ẽ(D) = 2µ̃(D)J+ κ̃(D)12 ⊗12 +
1

2

(
d̃′(D)⊗12 +12 ⊗ d̃′(D)

)+ H̃(D)

where the invariants and covariants models are
µ̃(D) =µ0 −

1

4
κ0(trD)+ 1

4
(κ0 −2µ0)(D : D) d̃′(D) =−2κ0D′

κ̃(D) = κ0

(
1− 1

2
trD

)
H(E) = E− Iso−Dil

Questions How to model ¥ shear modulus µ̃(D)? ○ harmonic part H̃(D)?
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Modelling the harmonic part H
Parametrization based on Vannucci (2005) and Desmorat and Desmorat (2015)

How to parametrize the harmonic part?
Orthotropy =⇒ H = ∥H∥

(
± d′∗d′

∥d′∗d′∥

)

where d′∗d′ = d′⊗d′− 1
2 (d′ : d′)J.

Questions
Model orientation (±)?

○ Model norm H(D) = ∥H∥? 0 1 2 3 4
0

1

2

3

4
·104

−+

Stacked

∥∥∥ H
∥H∥ − d′∗d′

∥d′∗d′∥
∥∥∥

2

Num
ber

oft
ens

ors
E
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Modelling the harmonic part H
Norm modelling H m : D 7→ H m(D) ≈ ∥H∥?

Invariants
I1(D) = tr(D) I2(D′) = D′ : D′

Assumptions
H m(D = 0) = 0 (Initial isotropy)
H m(D = 1) = 0 (Fully damaged)

Model Polynomial of invariants
H m(D) =

∑
n,m

cn,m I n
1 (D) · I m

2 (D′)

Dataset Ẽ

H

∥H∥

D

inv
?

Sparse regression (r 2 ≈ 0.79) =⇒ H m(D) = 18.8 ·109 · I 4
1 (D) · I2(D′)
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Summary of the state modelKnowing isotropic E0 ↔ (µ0,κ0,0,0) and D,
Ẽ(D) = 2µ̃(D)J+ κ̃(D)1⊗1+ 1

2

(
d̃′(D)⊗1+1⊗ d̃′(D)

)+ H̃(D)

where the invariants and covariants models are
µ̃(D) =µ0 −

κ0

4
(trD)+ κ0 −2µ0

4
(D : D) d̃′(D) =−2κ0D′

κ̃(D) = κ0

(
1− 1

2
trD

)
H̃(D) = h(trD)4D′∗D′

with D′∗D′ = D′⊗D′− 1
2 (D′ : D′)J

Remarks
> κ̃(D) and d̃′(D) are exact
> Parameters: µ0, κ0 and h
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Reconstruction of stress σ from (exact) damage
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Cumulative density of error over the dataset
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Ẽ(D) (H̃ = 0)
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1−∥Ẽ∥/∥E0∥

)
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1−∥Ẽ∥/∥E0∥

)
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Conclusion on the state model
Proposed coupling (Loiseau et al., 2023)

Ẽ(D) = 2µ̃(D)J+ κ̃(D)1⊗1+ 1

2

(
d̃′(D)⊗1+1⊗ d̃′(D)

)+ H̃(D)

where
µ̃(D) =µ0 −

κ0

4
(trD)+ κ0 −2µ0

4
(D : D) d̃′(D) =−2κ0D′

κ̃(D) = κ0

(
1− 1

2
trD

)
H̃(D) = h(trD)4D′∗D′

Tools
> Distance to symmetry classes

• Justify symmetry assumptions> Sparse regression
• Simplify a generic model

> Harmonic decomposition
• Split the modelling into easier andindependent modelling problems
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3. Evolution law?
- ObjectiveDescribe the evolution of damage during a mechanical loading

Ḋ =
{

0 if f < 0 or ḟ < 0,

? otherwise. f = f (ε,D) É 0

Á Outline
> Presentation of the preliminary evolution law
> Application and limitations
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Preliminary damage evolution model
Auxiliary damage variables

(a) D = 1− (1+∆a)−α ⇐⇒ ∆a = (1−D)−
1
α −1 (Ladevèze, 1983)

(b) D = 2
π arctan(∆αb ) ⇐⇒ ∆b = (

tan
(
π
2 D

)) 1
α

Non-standard evolution law

Damage criterion f (ε,∆) = εeq −C (∆) É 0

εeq = εvM +k tr(ε) C (∆) =C0 +S1 tr(∆)+ 1
2 S2∆

′ :∆′

Evolution law ∆̇= λ̇P

λ̇= ε̇eq

S1 tr(P)+S2P′:∆′ P = 〈ε〉+/∥〈ε〉+∥
] Implemented using MFront (Helfer et al., 2015) in Appendix G
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Fit and illustration in bitension
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Fit and illustration in tension
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Strain ε11

D12 Ref (mean)Ref [min, max]
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0

1

Strain ε11

D22Reference D22 ↗

Model P ∝〈ε〉+ =
[
ε11 0
0 0

]

Solution? P ∝〈ε〉++ I (D)1
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Evolution of the yield surface (in tension)
Consolidation is not sufficient
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Conclusion
1. Virtual testing
Simulate virtual specimen with the
beam-particle model to constitute the
dataset of effective elasticity tensors

Ẽ(D) = 2µ̃(D)J+ κ̃(D)1⊗1+ 1
2

(
d̃′(D)⊗1+1⊗ d̃′(D)

)+ H̃(D)

µ̃(D) =µ0 − κ0
4 (trD)+ κ0−2µ0

4 (D : D) d̃′(D) =−2κ0D′

κ̃(D) = κ0

(
1− 1

2 trD
)

H̃(D) = h(trD)4D′∗D′

2. State model
Defined the damage variable and
determined the coupling Ẽ(D) between
elasticity and damage3. Evolution law

Proposed a preliminary damage
evolution model and highlight its
current limitations

¥ Use of an auxialiary damage variable
q Damaging direction
q Evolution of the yield surface

38 / 41



Quasi-brittlematerials
Observations
Modellingdegradation
Methodology
Virtual testing
Beam-particle model
Measurement
Reference dataset
State model
Damage variable
Shear modulus
Harmonic part
Application
Evolution law?
Presentation
Limitations
Conclusion

Conclusion
1. Virtual testing
Simulate virtual specimen with the
beam-particle model to constitute the
dataset of effective elasticity tensors
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Perspectives
Enrich the model
Damage evolution

∆̇=
{

0 if f < 0,

λ̇P otherwise.
> Choice of damage direction P =?

Other extensions> Non-proportional loadings
• Criterion f (ε,∆) =?
• Crack-closure effects

> 3D formulation

Can this model fit othermicro-cracked materials?> Virtual testing
• Another meso-scale model

> Experiments
Structural scale> Non-local damage

• (Pijaudier-Cabot & Bažant, 1987)
• (Peerlings et al., 1996)

> Evolution should be formulatedfrom the non-local damagedriving quantity
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Perspectives
Improve the methodology

Tools for material behavior modelling
> Relying on rigorous mathematical basis
> Using sparse and interpretable data-driven methods

40 / 41



Quasi-brittlematerials
Observations
Modellingdegradation
Methodology
Virtual testing
Beam-particle model
Measurement
Reference dataset
State model
Damage variable
Shear modulus
Harmonic part
Application
Evolution law?
Presentation
Limitations
Conclusion

Thank you for your attention!
Flavien Loiseau
Supervised by R. Desmorat, C. Oliver-Leblond

12 December 2023Ph.D. Defense
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Polynomial of invariants → linear relationship

The polynomial can be rewritten as a linear relationship

p(D) = [
I1D I2D′ . . . I1Dn1 I2D′n2

]




c1,0

c0,1...
cn1,n2




.

Remark – Numerous parameters New question – How to fit the model?
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Regression
Notations

y = y j outcomes
X = (x j )i input variables
c = ci coefficientsLeast-square linear regression

c∗ = arg min
c∈RNc

(
1

N
∥y−X ·c∥2

2

)

Sparse regression (LASSO)
c∗ = arg min

c∈RNc

(
1

N
∥y−X ·c∥2

2 +α∥c∥1

)

Features
> Penalization of nonzeroparameters
> Linear convex optimizationproblem, easy linearconstraints
> Arbitrary penalizationcoefficient
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Choosing the penalization coefficient (n +m É 6)
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Perspective: Generic model ?
Collaboration with A. A. Basmaji (work in progress)
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Measurement of the initial yield surface
Procedure
> Choose a direction θ
> Apply a loading (elastic)

εimp = ∥εimp∥
[

cos(θ) 0
0 sin(θ)

]

> Get loading factor α such that the1st beam breaks
α= 1

fb∗
, fb∗ : beam failure crit.

> Calculate the yield strain εy =αεimp

� Requires 1 elastic simulation/point

ε1

ε2

θ

εimp

1st beam failure
αεimp

] Calculation of α on pp. 116–118 16 / 24
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Initial damage criterion (D = 0)
Application
8 meso-structures

Linear regression
Damage starts when

εvM =−k tr(ε)+C0

where k = 0.530, C0 = 5.93×10−5.This criterion can be written
f (ε,0) = εvM +k tr(ε)−C0 = 0.
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Summary of the (partial) damage evolution model
Initial damage criterion

f (ε,D) = εeq −C (D)

where
> εeq = εvM +k tr(ε): equivalent strain
> C (0) =C0: consolidation (initial)

Non-standard damage evolution
Ḋ = λ̇DPD

where
> λ̇D: damage multiplier
> PD: damage direction (normalized)

Link between consolidation and damage evolution
λ̇D verifies the Kuhn-Tucker conditions

f É 0, λ̇D Ê 0, f λ̇D = 0 =⇒ λ̇D = ε̇eq

PD : ∂C
∂DRemark

Ease bounding damage by making a change of variable
18 / 24
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Bounding damage
Reference Mattielo, Ladeveze, + log rate of damage
Idea
Definition of an auxiliary variable ∆ such that ∆̇=G (D,Ḋ).
In practice, we tried

(a) D = 1− (1+∆a)−α ⇐⇒ ∆a = (1−D)−
1
α −1

(b) D = 2
π arctan(∆αb ) ⇐⇒ ∆b = (

tan
(
π
2 D

)) 1
α

where α is the damage exponent.
Remark
Evolution of the auxiliary variable is also easier to describe (] Pp. 127–128)

Function of 2nd order tensor applied on eigenvalues. 19 / 24
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Illustration of the change of variable
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Summary of the (partial) damage evolution model
Auxiliary damage variables

(a) D = 1− (1+∆a)−α ⇐⇒ ∆a = (1−D)−
1
α −1

(b) D = 2
π arctan(∆αb ) ⇐⇒ ∆b = (

tan
(
π
2 D

)) 1
α

Damage criterion
f (ε,∆) = εeq −C (∆)

where
> εeq = εvM +k tr(ε): equivalent strain
> C (0) =C0: consolidation (initial)

Non-standard damage evolution
∆̇= λ̇P

where
> λ̇: auxiliary damage multiplier,
> P: auxiliary damage direction(normalized).

Auxiliary damage multiplier from the consolidation function λ̇= ε̇eq/(P : ∂C
∂∆

) from the Kuhn-Tucker conditions.21 / 24
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Damaging direction
Principal damages in the dataset

A

B
Observations
A Unreachable due to damagebi-axiality
B Reachable with othermulti-axial loadings
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Damaging direction
Bi-axiality of damage growth

Step 7

e1

e2

Step 12 Step 16 Step 18 Step 19 Step 35

23 / 24



References
State model
Damageevolution
Damage criterion
Auxiliary variable
Damage direction
Evolution yieldsurface

Evolution of the yield surface (in bitension)
Consolidation is not sufficient
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